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Abstract 
Krasikov, I., On a tree-cutting problem of P. Ash, Discrete Mathematics 93 (1991) 55-61. 
It is shown that in every tree T with N vertices, there are k vertices such that the connected 
components obtained by deleting those k vertices can be partitioned into two classes C;k and Ci 
with 
Moreover, for each k there is an infinite family of trees, namely, ternary trees, with the 
optimal value of &(T) equal to 
-2(&l). 
We also consider the corresponding question for the edge deletion. 
I. Introduction 
In the Ninth British Combinatorial Conference, P. Ash asked the fohowing 
question [ 11. 
More formally, let T be a tree and let Dk = { u1 , u2, . . . , uk} be a subset of i!c 
One wishes to spht a tree into two parts with an approximately equal 
number of vertices in each part. First, he deletes k vertices and puts 
each connected component of the obtained forest into one of two 
classes. How well can he do it? 
* 
--A C..r4Lrrr-rr”A Ifi, tL\fi A ~nmnnnarr+~ d T _ n v&iCe3. ~U~LIIGLIIIUIG, IGL L~IG GXiiXXf~u \ru11qnm~~1c3 VI A ha crxl;t inen trrrn “k “b ay.ac *R.&V L”V 
classes Cf and Cg with ICfI and iC’;l vertices respectively such that 6,(T) = 
IlC:l- lC$ll is as small as possible. Put F,(T) = minDkcT 6,(T). What is R,(N) = 
maxITlzN h(T)? 
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It is easy to see that R,(N) = [(N - Q/3], w ere x means the largest integer h [ ] 
not exceeding X. But already for k = 2 the situation is not so simple. Bermond 
proved W,(N) < N/7, and it was conjectured that R,(N) G N/9 [2]. 
Here we will establish 
++) -2(k_l)<&(N)<max 
)) 
l 
Choosing Bfz to be a subset of edges, one can also study an edge deletion 
variant of the above problem. Here it is convenient to consider trees with the 
maximum degree not exceeding A, to avoid a trivial extremal example given by a 
star KI,N_-1. So, the corresponding error term, rk(N, A), turns out to be a function 
of two variables. 
Ash and Daykin [2]. proved that rk(N, 3) s 1, whenever k > log,,, N. Here we 
will show 
Tk(N, A) s[(y)*("-l)]+l. 
2. Results 
First, we establish an upper bound for Rk(N). 
Theorem 1. 
(1) R,(N) S maX(1, tk), 
ti - 1 
where to = N, Ii+] = - 
[ 1 3 - 
In particular, 
(2) . 
Proof. The proof is by induction on k. By definition, Ro(N) = to = N. Note that 
the numbers & = 6@) are alternately odd and even. Moreover, if 6k = 0 or 1 
for some k then Sk+ 1 = 1 or 0 respectively. Assume now that Dk_ 1 and the 
corresponding partition P’_ 1 = C(;-’ U Ci-’ satisfying (1) have already been 
obtained. 
Suppose first that &- 1 S 4 then the required partition fk can be obtained as 
follows: 
if 6k-I = 0 one deletes some vertex, 
if &__I is 1 or 2 one deletes a leaf from the large class. 
if 8k_, is 3 or 4 one deletes a vertex adjacent to a leaf x in the large class and 
send the now isolated vertex x in the small class. 
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Now suppose that S k-l 25. Observe that for any connected component Y 
belonging to the bigger class, say Ct-‘, we may assume 1Yj 3 &_* since 
otherwise a partition can be improved by moving Y into C’;-‘. 
In order to obtain Pk we delete one vertex v from Y and divide the obtained 
components into two parts Y’ and Y”. After moving Y’ into C’;-’ we have 
Now, we show that v may be chosen so that for & (1) holds. 
Select both a vertex v of Y and a partition A LJ B of Y - v giving a4 as small as 
possible and 
Let (v, A) be such a selection. Such selections exist since I Y I > &- 1. 
If IAl = (6k_l - 1)/2 holds then & =O. If IAl = &-J2 holds then Sk = 1. Thus 
one may assume IAl a (6 k_l + 1)/2, and then A is not connected, since othervvise 
one could move v to an adjacent position in A, thus decreasing the size of A by 
one. 
Let al, a2, . 
Iall. Then 
1 
Cl ai 
i=2 
’ l 9 aI be the connected components of A and Ia,1 G Ia21 s l l l G 
2 
k-l 
2 
-‘Ci If&l. 
i=l 
Indeed, the first inequality holds, since otherwise one could replace A by A ?ai- 
Now if 
s k-l -1 
i=2 3 
then 
6 k-l 
Otherwise, 
il I Qi S 
2(ak-i - 1) 
i=l 3 
and we have 
Hence the required partition is obtained by moving either lJlz2 ai or Uf=, ai 
into C:-’ depending on whether the first or the second inequality holds. Cl 
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Now we will obtain a lower bound on R,(N) showing that (2) is almost sharp. 
First, we need a few more definitions. 
The ternary tree TL with L levels is defined as follows. The first level of TL is 
just a single vertex w. Each vertex v from the ith level, i C L, is adjacent to three 
vertices of the (i + 1)th level and to the only vertex of the (i - 1)th level, 
provided v f w. 
We denote by vi+, i = 0, 1,2, three succeeding vertices and by v- the unique 
preceding vertex to v respectively. The tree consisting of v and all vertices 
succeeding v will be denoted by T(v). Thus, if v is on the ith level, then 
IT(v)1 = (3L-i+1 - 1)/2. 
Theorem 2. Let TL be a ternary tree with L levels and N = (3L - 1)/2 vertices. 
Then for 1 =Z k d L/2, 
Proof. Let us construct a required partition of TL. For, let Sj be a string of length 
i + 1, consistjcg of i ones followed by a zero. Let s be a string consisting of k - 1 
ones. To each edge (v, VT) of TL we assign the number i. Each vertex 
v E TL, v #w, will be identified with string s(v), where the entries of s(v) are the 
labels given to the edges on the oriented path w - v. 
Select the vertices corresponding to the strings s U (lJ;~i Sj) to be the vertices 
of Dk. Observe that T(v) n T(u) = 8 for any two different v, u E Dk. Set 
C;= ( U (T(v)+(&). 
UEDk 
where u is the vertex with string s. Note that if s(v) has I entries then 
IT(v)1 = (3’~’ - 1)/2. Now a simple calculation shows that this is the required 
partition. Cl 
Theorem 3. Zf 2k G L then 
(4) &(TL)=3L-;- ‘-2(k- 1). 
Proof. For the sake of brevity we will write here fk instead of &( TL). In virtue of 
Theorem 2 it is left to show that 
- 2(k - 1). 
The proof is by induction WII k. Obviously, i-i~ f A\ hoi-ds for k = 1 So _ we mav ii- i‘- 
assume k 2 2. Moreover, in virtue of the assumption L 3 2k, we also assume tha; 
I” 3k+1- 1 IC_1 3 min - - = 13. 
k :-2 2 
2(k 2)) 
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Let u be a vertex of the highest level h in Dk, and let Mh be the ++,-e CItiGM 
T(ui+), i E (0, 1,2}. We will not distinguish between different Mh corresponding 
to a particular choice of u and i. Notice also that any three Mh, belonging to the 
same class, may be regarded as having a common predecessor u in TL. This will 
be widely used throughout the proof. 
Let x E Dk and let either X- E Cf or X- E Dk. Denote by Pi_&) a partition 
obtained from the initial partition Pk by returning x and moving T(x) into Cf. 
To establish (5), we first prove 
(6) ,M,,P3L-;-1, 
which implies that h s k. 
Assume the contrary. Without loss of generality, suppose ICf( s IC$l. Denote 
by pl the number of A& occurring in Cf. We shall consider three following cases. 
Case (i): j.4 2 3. 
If u- E Dk or u- E Cf then (5) holds. Indeed, we should have Fk = 0, Fk-* = 1, 
since otherwise, by returning u we get Fk+ < F& This, obviously, contradicts 
F- > 13. If u- E C: then we could improve our partition replacing u by u- in 
&‘unless Fk s 1. If F k G 1 then we consider &,(u) and the corresponding value 
of Sk-l. We have Fk+ G &._l= Fk i-6 l&l i- 1. Hence, by the induction 
hypothesis, 
3L--k+l _ 1 
- 2 2(k - 2) 6 3L-k. 
Thus, 3L-k s 4k - 9. On the other hand, 
- 
Fk 
3 L-k 1 
s - 
2 
2(k - 1). 
Hence, 
3 L-kz4k-3+2Fk>4k-9. 
This is impossible and so, (6) holds. 
Case (ii): 1 S p S 2. 
If u- E Dk or u- E Cg then we consider Pi_,(u). We get Fk_, s Fk + 4 lMhl i- 1. 
But Fk S l&l, SO, Fk_, s 5 IMh I + 1. This leads to a contradiction, as in the 
previous case. 
The case u- E Cf can be considered in a similar way. We omit the details. 
Case (iii): j.4 = 0. 
If u- EC’;, then Fk-, d 1 and we are ready. Otherwise, Pi_,(u) yields 
Fk_, S6 Ill&J + 1 - Fk. Now, as above, we see that (6) must hold. 
~~wthtw we &bim that an Optimal Dartition, cnrrq?snding to &, satisfies the . _L c_=_= 5 * ‘ 
following conditions: 
(a) h=k; 
(b) u-X$ 
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(c) There is only one Mk c Cc;: 
(d) There are at least two vertices, u and, say, ul, from the kth level in Dk 
Let us prove (a)-(d). Denote by dr the difference between the number of 
vertices from the ith levei in Ci and C’; respectively. Observe that the number of 
vertices on each level of TL is odd. Since u is on the h Q k level then 
Moreover, &I = sh = zkk+i di = I&l, and, so, (a) holds. Indeed, otherwise 
I&l 321&l by (6). But cf=, Id,1 s IThI- k, hence, 
3L--k - I 
2 
-2(k-l)sF,~2IM,(-IT,I+k. 
One can check that thi . s cmtradicts the assumption L > 2k and (6). 
To prove (b) assume u - E Cq. Then P: _ 1(u) gives 
3 L-k+1 _ 1 
Fk_+Fk+2lMkl+ls 2 - 2(k - l), 
in contradiction with the induction hypothesis. Thus, (b) also holds. 
Let us demonstrate (c). We may regard any two & occurring in Cf as having 
a common predecessor u in ri. Again, we consider Pi _ 1(u). Then & _ 1 G 
2 l&l + 1 - Fk which is impossible. 
Finally, if (d) is false, then Ct contains 7 (mod 9) subtrees T&_k on the (k + l)th 
level by (c). This implies Sk a 2 (&I, which has already been shown to be 
impossible. 
Now we are ready to complete the proof. Since (uJ has to be also in Cf, we 
may assume that (ui)- = u-. Observe that either T(u)\u or T(u,)\u, is in Ct. 
We replace u and u1 by u- in Dk and move T(u) and T(u,) into C’;. Then 
F k-1 s Fk + 2 l&l + 3, and (5) follows. This completes the proof. cl 
Remark. Probably the condition L 3 2k is superfluous and (4) holds whenever its 
right-hand side is at least 1. 
Conjecture. 
- 2(k I)) - . 
For the case of edge deletion an upper bound on the corresponding error term 
rk(N, A) is given by the following theorem. 
Theorem 4. 
. 
(7) rk+l(N, A) Q 
(A - 2)r,(N, A) + 2 
A 1 . 
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In particular, 
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(8) rk(N 4 +y)x(N-l)]+l. 
Proof. We begin with the following observation. Let H be a tree with the 
maximum degree A. Fix a number c, 0 CC s IHI. Then there is an edge e E H, 
such that 
C-l 
-qISIac, 
A-l 
for some component S c H\e. 
Indeed, select a vertex u and a branch C at ZJ such that all branches at v (but 
for one perhaps) have at most c vertices (v not included); the branch is as large as 
possible. Cutting this branch near v gives a component with at most c vertices. 
Since the cutting of the last edge incident to v gives a component containing v 
with more than c vertices (otherwise the selection would not have maximal size), 
our branch has at least (c - l)/(A - 1) vertices. 
Now consider an optimal splitting C:, C2 k, and the corresponding value of 
6,(T) = IlC:l- ICzll of a tree T. Let A be a minimal component of a bigger class, 
say C’,. Then, of course, c&(T) Q IAI. 
Choose 
C 
(A - l)&(T) + 1 
= 
A ’ 
Delete an edge from A so that the size of one of the obtained components, A I, is 
in the interval 
Moving Al into Ck yields a partition satisfying 
6 (T)<(A-2)6,(T)+2 
k+l - 
A l 
Hence (7) holds. Solving this recurrence yields (8). Cl 
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